Properties of Coordinate Systems

Cartesian Coordinates

&

Position vector:
r=XX+yy+2z

For Two Neighboring Points P and P’:

o

——

Displacement between two neighboring points:
ds=dr=dxx+dyy+dzz

Distance between two neighboring points (Found using the Pythagorean Theorem):

ds = |dr| = /dx? + dy? + dz?




Primary Curve - the curve obtained when one coordinate variable is allowed to vary
while the other two are held fixed.

Primary Length Element - infinitesimal length along the primary curve

Primary Surface - the surface obtained when the coordinate determining the primary
length element is held fixed and the other two are allowed to vary.

Primary Element Primary Curve Primary Surface Primary Volume
1t x Straight Line (x-axis) yz-plane
(y and z fixed, x varies) (x fixed , y and z varies)
2y Straight Line (y-axis) xz-plane .
(x and z fixed, y varies) (y fixed , x and z varies) Solid Cube
3d: z Straight Line (z-axis) xy-plane
(x and y fixed, z varies) (z fixed , x and y varies)
_Primary Length Elements ___ Primary Area Elements __ Primary Volume Elements
1= dx (x) dyvdz (Xx)
2 dy  (y) dxdz (y) dx dy dz
34 dz (z) dxdy (z)

Primary length element vectors are in the direction of their corresponding primary curve.

Primary area element vectors are in the same direction as the primary length element vector
(e. L to their corresponding primary surface).

Primary volume elements are scalars not vectors and do not have an associated direction.




Conversions to Cartesian Coordinates

Spherical = Cartesian

X=rsindcose
y=rsingsing
Z=rcosé

Cylindrical - Cartesian

X = pCOS¢Q
y=psing

ZCart = chl

Conversions to Cartesian Unit Vectors

Spherical - Cartesian
r=sin@cospx+sindsingy +cosdz

0 =cosfcospX +cosdsinpy —sinfz
¢ =-SiNPX+Cospy

Cylindrical - Cartesian

p=CoSpX+singy
¢ =-SinpX+Cospy
chl :ZCart



Cylindrical Coordinates
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Position vector:
r=pp+1z

For Two Neighboring Points P and P’:

Displacement between two neighboring points:

ds=dr=dpp+pdp@+dzz

Distance between two neighboring points (Found using the Pythagorean Theorem):

ds =|dr| =Jdp? + p*dg? + dz?




Primary Curve

1st: Rays L to the z-axis
(¢ and z fixed, p varies)

21d : Circle centered on the z-axis
(p and z fixed, ¢ varies)

3t : Straight line (z-axis)
(p and ¢ fixed, z varies)

Primary Surface

Cylinder centered on the z-axis
(p fixed , ¢ and z varies)

Half-plane from z-axis
(¢ fixed , p and z varies)

Plane 1 to the z-axis
(z fixed , p and @ varies)

Primary Volume

Solid Cylinder

Primary Length Elements
dp (p)

2% pdp (9)
34 dz (z)

1st:

Primary Area Elements

pdpdz (p) (teal surface)

((’|\) ) (purple surface)

pdpdp (z) ( )

dp dz

Primary Volume Elements

p dp dp dz




Conversions to Cylindrical Coordinates

Cartesian > Cylindrical

p=yx+y’

tangp = y > Q= tan‘l(lj
X X

chl = ZCart

Spherical = Cylindrical
p=rsing

¢cyl = (Dsph
Z=rcoséd

Conversions to Cylindrical Unit Vectors

Cartesian > Cylindrical

CosS@p—Sine@
=sin@p +CoSQ P
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Spherical = Cylindrical
r=sinfp+cosfz
0=cosdp—sindz

~

(Psph = q)cyl



Spherical Coordinates
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Position vector:
r=rr

For Two Neighboring Points P and P’:
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Displacement between two neighboring points:

ds:dr:drf'+rd0§+rsin0d(p(ﬁ

Distance between two neighboring points (Found using the Pythagorean Theorem):

ds =|dr| = /dr? + r?d6® + r?sin® 9d




Primary Element  Primary Curve Primary Surface

Primary Volume

It:  r Rays from the origin Sphere
(6 and ¢ fixed, r varies) (r fixed , 6 and ¢ varies)
27d: 9 Half circle Cone of half angle 6 '
(r and o fixed, 0 varies) (0 fixed , r and ¢ varies) Solid Sphere
3d: o Circle centered on polar axis Half-plane from z-axis
(r and 0 fixed, ¢ varies) (¢ fixed , r and O varies)
ooy Lopgin Wlosttomty  Flaleegjeua by ey Vlino | aecely
1 dr (r) r?sinf0dfdp (r) (teal)
20 rdo (é) rsinf dr dp (6) (vink) r?sin@ dr d6 do
34 rsinfdp () rdrdd (@) (purple)

Note: The rsinf term is the distance from the polar axis to the projection of point P into

the xy~plane.




Conversions to Spherical Coordinates

Cartesian -> Spherical

r=x*+y*+1z°
2 2
tang=Y""7 X +y’ f=tan" —MJ

’ >
or cosez\/szrz2+22 0 = cos: z J
tan(o:%

Cylindrical = Spherical

r=\p*+17°

a2
tané?:ﬁ 6 =tan (z]
z ->
or cosf=—2 O=cost| —%
0?47 /,02—1—22
¢sph:¢cyl

Conversions to Spherical Unit Vectors

Cartesian => Spherical
X =sin@&coser + cosecowé —sinp@
§ =sin@singt + cosdsin B + cosd §
z

— coSOT —sinfo

Cylindrical = Spherical
p=sinOFf +cos00
(,I\)cyl = (’[\)sph
7 =CosOr —sinHo



