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The Greek Alphabet
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Alpha
Beta
Gamma
Delta
Epsilon
Zeta
Eta
Theta
Iota
Kappa
Lambda
Mu

App. G

The Greek Alphabet

omz
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Nu

Xi
Omicron
Pi

Rho
Sigma
Tau
Upsilon
Phi

Chi

Psi
Omega

APPENDIX H

Handy Trigonometric Identities

lrad = @ = 57.296°
T

19 = 1 —0.17453 rad

180

Values of sine and cosine for multiples of

sinnm =0

cosnm = (—1)"

sin NTW — l(i)n+l[(_1)n, _

2

cos &L = 1(4)"[1 4 (—1)"]

. nmw __
sin 4 =0

in At — (—1)1(n—2)
sin (-1)

4

n=0,1,23,4,...

n=20,4,8,12, 16, ...

n=2,6,10, 14, 18, ...

4m (m = integer)

4m 4+ 2 (m = integer)

sonm 1 L(n®+4n+11 -
sm”f—ﬁ(—l)s(”J’”J“ ) n=1,3,517,...
Sums and differences of angles
@ 90° + 3 180° + 3 270° £ 8 360° £ 3
sin +cos Fsin g —cos +sin g
cos a Fsin g —cos 3 +sin 3 +cos 3
tan o Fcot + tan 3 Fcot + tan 3
cot o Ftan g + cot 3 Ftan g Fcot B
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Exponential definition of trigonometric functions

. i0 —if i _ -
sinf = (e’ —e ’) e’ = cosf +isinf

if —if —if _ i
cosf = (e' +e ') e = cosf —isinf

Fundamental Trigonometric Relations Involving Only One Angle

2 2
singoz-i—coszoz:l sec?a —tan’a =1 cosec’a —cot“a=1

sina - coseca = 1, cosa -seca =1, tana-cota =1

tan
L — > _
e = VLo S A e —
s cot a 1
cosa= 1-sin®a = - 1+ cot? a 1+tan2a

sin o 1
2 e e ey T e
=+/sec?a—1=
tan 1 —sin?a Vcosec?a—1

cos & 1
= 2 — 1 — —_ —_—
= +/cosec 2a
sgta «© T—cosla Vsecla-—1

1+ tana

tan (OH—‘E‘) - 1 —tana

cotf+1
COt(%—ﬁ)Im

sin 2a = 2sin a cos &

.2
cos22a = cos® o — sin” «

2tan o

20 = T o

cot?a —1

ge5 46 = 2cot o

: " o
sin3a = 3sina — 4sin” «
cos3a = 4cos® o — 3cos
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o I8
sSin — = _
2 2

= _ [Troma
COS — = _
2 2

o’ 1 —cosa 1—cosa sin o
tan — = = =
2 1+ cosa sin « 1+ cosa
ta \/m 1+ cosa sin a
cot — = - : _
2 1—cosa sin o 1—cosa

(1 — cos2a),
(1 + cos2a)

sin’ a =

ST T

COS‘2 a =

sin® @ = 1(3sina — sin 3a)

cos® a = 1(cos3a + 3cos )
Fundamental Trigonometric Relations Involving Two or More Angles
sina % sin 8 = 2sin 3 (o £ §) cos 1 (a F B)

cosa + cos 8 = 2cos 1 (a + B8) cos 3 (a — B)

cosa—cosﬂ——Qsm (a+ﬂ)s1n (a—pB)

i ==
tan o + tan § = S E )
cos acos f3
+si +
cotatcotf = M
sin o sin 8

sin” @ — sin? § = sin(a + B) - sin(a — )
cos® a — cos? B = —sin(a + B) - sin(a — 3)
cos® a —sin? B = cos(a + ) - cos(a — )

sina + sin §

" " —tani(a+
cosa + cos 3 an z(a+f)

sina+sinf tan 3 (a + B)
sina —sinf tan 1(a — B)
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o 1o
sin o = sin 8 :fcot%(aiﬁ)
cos o — cos 3

sin(a &+ ) = sina.cos 3 £ cos asin

cos(a & B) = cosacos 8 F sinasin 8

tan o & tan 3

t )=
an(e £ ) 1Ftanatanf
t t 1

ot 22 ) = ZOHQEBE0 F 1

cot B + cot a

sin(a+ B+ 7) = sinacos f cosy + cos asin 3 cosy

+ cos o cos Bsin~y — sin o sin G sin 7y

cos(a+ B+ ) = cosacos B cosy — sin asin 5 cosy

— sina.cos #siny — cos asin G siny
sinasin 3 = $[cos(a — B) — cos(a + B)]
cosacos 8 = F[cos(a — ) + cos(a + B)]

sinacos B = $[sin(a — B) + sin(a + )]

sin asin Bsiny = 1[sin(a+ B —v) +sin(8+v — @) +sin(y+a— B) —sin(a+ B +7)]
sin a cos B cosy = i[sin(oﬁ—ﬂ—fy)—sin(ﬁ—f—fy—a)+sin(7+a—ﬁ)+sin(a+ﬂ+7)]
sinasin B cosy = {[— cos(a+B—7)+cos(B+7— ) +cos(y+a—B) —cos(a+B+7)]

cosacos Bcosy = L[cos(a+ B —7)+cos(B+v—a)+cos(y+a—B)+cos(a+B+7)]

Hyperbolic Functions

U

) el — g e% 4 g
sinhy = ——— coshy = ——
2 2
el — U el +e U
tanhy = ——— cothy = ——
el 4 e—u el — g—u
1 1
cschu = — sechu =
sinh u cosh u
cothu =
tanhu
sinh(—u) = —sinhu odd function
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cosh(—u) = coshu even function
tanh(—u) = — tanhu odd function

tanh(—u) = — cothu odd function

Fundamental Relations Involving One Angle

) tanh u coth ur sinh u
sinhu = coshy = —— tanhu =
sech u cosech u coshu
sechu cosech u coshu
cosechu = sechuy = ———— cothu = —
tanh u coth sinh u
sinh © = tanh u cosh u coshu = cothusinhu
tanh v = sinh usech u coth u = cosh u cosech u
sech u = cosech u tanh u cosech u = sech ucothu
cosh?u — sinh?u = 1 tanh? u + sech?u = 1

coth?u — esch?u =1

csch? u — sech? u = csch? u sech® u

Fundamental Relations Involving Two or More Angles
sinh(u 4 v) = sinh u cosh v + cosh usinh v
sinh(u — v) = sinh v cosh v — cosh usinh v
cosh(u + v) = coshu cosh v + sinh usinh v

cosh(u — v) = coshu cosh v — sinhusinh v

Multiples of One Angle

2tanh u

sinh 2u = 2sinh wcoshu = ——
1 — tanh“u

cosh 2u = cosh? u + sinh? 4 = 2 cosh®u — 1

; 1 + tanh®
:1+28inh2uzilzu
1 — tanh“u
2 tanh th? u + 1
tanh 2u = _an_z coth 2u = s
1+ tanh® u 2cothu
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1 1
sinh v + sinh v = 2sinh §(u + v) cosh E(u — )
. ; 1 "
sinhu — sinh v = 2 cosh §(u + v) sinh §(u — )
1 1
cosh u + cosh v = 2 cosh i(u + v) cosh i(u - )
o1 o1
coshu — coshv = 2sinh E(u + v) sinh E(u —)
. 1. 1.
sinh u coshv = 3 sinh(u + v) + 3 sinh(u — v)
; 1 . 1.
coshusinhv = 5 sinh(u + v) — 3 sinh(u — v)
1 1
cosh u coshv = 5 cosh(u + v) + 5 cosh(u — v)
; . 1 1
sinhusinhv = 5 cosh(u + v) — 5 cosh(u — v)
. 9 1
sinh” u = E(cosh 2u — 1)

1
cosh® u = i(cosh 2u+1)

(coshu + sinhu)" = coshnu + sinhnu

Relations Between Hyperbolic and Trigonometric Functions

sinhju = isinu, sinhu = —isiniu
cosh iu = cosu, coshu = cosiu
tanh iu = itanu, tanhu = —itaniu

Every hyperbolic relation may be obtained from the corresponding trigonometric relation
by replacing sin & by 4sinhu and cos o by cosh u.
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Integrals You Should Know

b} Sin 0x

bx ebm
/ace dx = —bT(bm—l)

2
/zQef)de:ehn: x__2_$+3
b b2 b3
/:rneam dr = e _ ﬁ /wn—leam dx
a a

/sinmd:c = —coszx

. T T
sin —dx = —a cos —
a a

/xsinzd:c =sinr —rcosx

2 - .
/x sinzdr = 2zsinz — (z? — 2)cosz

/sin2zd:c _r sin 2x _T sinz cos
2 4 2 2
2 .
/a:sing;rdx _z zsin2z  cos2z
4 8
App. | Integrals You Should Know

2 - 2 x3 )(2 / . ¥
X 5/17 ey A ) g ———
f Ka/x.-é (,7 g) m 2% cosdx



/

3

. cos” T
/51n3:1:dx= 3 —CcoszT

/mcosxdx:cosx+xsinx

/zzcosxdz =2z cosz + (z° —2)sinz
2 2 y % %2
f)( cos Xdy :‘z— + (‘/ -

4

— 05 4 4

} s 2y + ok

8
Coszxdm—§+sm2‘r_f w
2 4 2 B)
/xcoszxdz—xz +ar:sin23n cos 2x
T4 4 8
/mzcoszq:dz::f__*_(f;__g) Sin2x+mco45 x
3 sin®
/COS rdr =sinx — 2

3 zsin3z cos3z 3 . 3
xcos® xdr = +szmx—|— Zcosx

12 36
" 9 cos® T
sinz cos” xdr = —
3
.3
n sin” ©
sin“ zcosz dr = 3

/taandas =tanzr —

/cothda:: —cotzx — 1

Integrals from 0 to oo [for a > 0]
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2
$2€u.l'dx = eu.r 'T_ _ 2_‘7:
a a?
o
J:”e'”'" dCL' _ n' _ F(n + 1)
0 - an,+1 - an+1
> 2 1 s
e—(lv.l dm — _ _
Jo 2Va

Integrals You Should Know

2
a

bl

3

a

n>-—1

>x<
/ ze " dr = &
0 2a
o0
0 4\ a®

20 5 1
/ xd e—n..z' dr = :
0 2g?

> 2 —ar? _13(2’”—1) m
/O ze ™ do = T e P=123,..]

n!

>~ 2n+1 _—ax? _ . o
/o T e dr = 2ant1 [n=0,1,2,...]
/Do dzx :1-3-5---(271—3) T
@i 246 @Gnogsen T ©>0n=23]
/ e " cosmzdr = L‘
0 a? +m?

Integrals from 1 to oo [for a > (]

x| —a 2
/ .Z'Z e~ dp — 26. <1 Lot a,_>
1 al 2

Integrals from —1 to 41
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where

Integrals from 0 to 1 [for a > 0]

1
—ar 1 —a
/Oxe dmz;[l—e (1+a)]
1
—ax _ l I
/0 e dx = . (1=4 )

1 2
. 2
/ $2 e~a.r, dr = - l:]- _ e—u, (1 +a+ a'_)}
0 o 2

Integrals from 0 to /2

w/2 w/2 T
/ sinzmmdm:/ cosZm:cdx:Z = 1,2,:::]
0

0

Integrals from 0 to 7 [m and n non-zero integers]

g s T
/ sin® zdz = / cos’ zdx =
0 0

]
= 0 [m#n]
/ sinmzsinnrdr =4 T
0 2 [m = nj
o 0 [m#n]
/ cosmzrcosnrdr =4 T
0 ) [m = n]
0 [m = n]

/ sin mx cosnx dr = 0 [m #mn; (m +n) even]
o —TQm—z [m # n; (m+ n) odd]
m —
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Still More Integrals [for a > 0]

> n _—ax _ nle” - (ay)k
/y " e dy = ) LZ o n=0,1,2,...]
=

242

oc
n _—az _ n! —at a’t a"t"
/t z"e dz-a"“_le f<1+at—|——+--~+ >, n=0,1,2,...]

27 27

2 d _ 2

sin“ mx dr = cosmzdr=m, [m=12,...]
0 0

App. | Integrals You Should Know
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APPENDIX}
Integrals Involving the Gaussian
Function

General Results

I2m+1 =0

L= (L) [E m=0,1,2,3,...
2m — da a+1b

2 2
J'n, = / " e—(u: —x dz

6 2m—+1 pe= ,
J2m+] = (__1)2m+1 <%> <\/—geﬂ /(4”1))
., 9 m pom e
JQm = (—1)’ ' <—67‘;> <\/;e/'} /(4 )>

0

Jm+l == _—8_5 J'm,

648 App. J Integrals Involving the Gaussian Function

Specific Results

oc
Iy :/ ev(u+'ib)1;2 dr = ™

—oc a+ ’Lb
L= / 2’ e+ dp = YT (a4 ib) 7/

[ . )
J() — / e T — Bz dr = E 6/12/(4(1')
e o

fo. 9] 5 5
/ e o® —fBx dr = —— E 6/32/(40)
2a

o

o0 . 2
/ xz e—(m,'z—/i.r dr = i 4 '8_ E 6/32/(4“‘)
Jae 200 4a? o)

App. J,

Integrals Involving the Gaussian Function
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de Moivre’s Theorem

[r(cos@ + isin@)]" = 7" (cosnb + isinnb)

Simple Algebra Involving Complex Numbers

APPENDIX K
Review of Complex Numbers

If 21 = 21 + 1y and 29 = x5 + 1y», then
2+ 2 = (21 +22) +i(y1 + 1)
21 - 20 = (T12Z2 — Y1y2) + 1 (Y172 + T192)

2 _ Ti%2 +y1y2 | . Y1ZT2 — T1Y2
Multiples of i

Real and Imaginary Parts

If z = z + iy, then = R(2) and y = I(2).

Polar Representation of a Complex Number

If we plot z = R(z) and y = 3(z), then we can represent z by the polar coordinates
and 6, where

r = |z| = distance of the point z from the origin (“modulus” of z)

9 = tan~* ¥~ anele that the vector to z makes with the z axis
o g

The following relationships hold:
r=rcosd |z|=r=z?+y?
y=rsinf z=re' =r(cosd+isinb)
All About the Complex Conjugate

If z =z + iy, then 2" = — 1y

If A is an operator, then (A0)* = AT~
A real number is one that is equal to its complex conjugate, i.e.,

2z real - z=2z"

650 App. K Review of Complex Numbers .
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APPENDIX L

The Dirac Delta Function

Basic Properties

Definition / 8(z — z0) f(z) dz = f(zo)
0
Nature 6(z — x0) =
00
Normalization / 6(x —xy)dz =1
6(x) is real 5 (x) = 6(x)
6(z) is even 6(z) = 6(—x)

Additional Properties
1
6(ax) = =6(z) fora >0
a

/‘ 8 (z)f(z) dz = —f'(0), where §'(z) = dimé(m)

§'(~2) = ~8'(2)
z6(z) =0

_ 1

6(z* — a?) g

[6(z — a) + 6(z + a)] fora>0

652 App. L The Dirac Delta Function

CC#.’I?O

r = X9

f(@)é(z - a) = fa)é(z — a)

/6(z —b)6(a — z)dz = 6(a — b)

>x< dn:5 m
/ dl"(:v) f(x) do = (_1),” l:ﬂjl r=(

e dxm —

(5[f(56)] = W(S((E — .’L‘()), Ty = a root of f(:I,‘)

Representations

* a —(Y " . . . t;
6(z) = lim (/= e " [normalized Gaussian of width (2a)~"/?)
\V 7

a—2

.1 €
L -

1 %
6(z) = - / ek dk [Fourier transform of 1/v/27]

1 sw{/a)

6(z) = lin}) - [diffraction amplitude of width o 1/a]
d
6 = —40
() = —0(x)
where 6(zx) is the step function, defined by
0 <0
0(z) = i
1 >0

Sl — ') — i ﬁ e [— (”Cz ;Iz)} H,(z)H, (')

n=0

where H, (z) is the n'"-order Hermite Polynomial.

bz —1z')= %/ cosk(z — z') dk

0

>

d(z—1') = 517? Zexp[in(m — ')
oz —z2') = % 1+ ZZcosn(a: — I/)}

App. L The Dirac Delta Function

653



) e-(.l'—.r')z/(2
§(z — ') = lim

c—0 e\/7_r

1 €
N
ble—o) = lmo—vra

1 1S
8(z) = oL + I Z cos <%E> Fourier series for region +L to —L
n=I1
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