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TRIGONOMETRIC FORMULAS

sinH:Z cosecf)=_—1
R sin 0
R cos = . sec f = 1
b'e R cos 0
Y 1
tan f == cotf =
X L X tan 0
sin® 6 + cos? 6 = 1 o radians = 180°
$e’S -tayto = |
Series expansions csc'@-cot’d =y
5 7
sm@:ﬂ—e— L (—oo < 0 < )
3t 81 7
2 4 6
oplim pil g 2 & (—o0 <0< )
21 41 6!
6% 265 1707 ( T 77)
tan 0 = 0 + — + — —=Z 0 =
4 K 3 * 15 315 ¥ 2 2
16 6
ot ==—~—— —r <0<
¢ 0 3 45 (== "
3 3x5
sin™! x = Al —l<x<1
in x + - + 1 + ( )
cosx =2 —sintx
2
Angles in different quadrants
0= ’ —¢ |7T/2:|:95\77:t¢' 3nf2 4 ¢ |27+ ¢
sin 0 = —sing | +cosé | Fsing | —cos¢ | sing
cosf = | +cos¢ | Fsing | —cosd | Lsind | +cos¢
tan 6 = —tan¢ | Fcoté | +tan¢ | Fcot¢ | d-tand

Sums and differences

sin (0 4+ ¢) = sin 0 cos ¢ + cos Osin ¢
cos (0 4= ¢) = cos 0 cos ¢ F sin 6 sin ¢

sin6+sin¢=2sin6;—¢-cos0—_i§

2
sin@—sirl(]ﬁ:ZcoseJr‘;S-sin@_qS

2 2
c050+cos¢:2cosa+¢'cose;¢

2 2
cos@—ccsqSZ—25ir16J2r¢~si110—;(é

sin® 0 — sin® ¢ = sin (0 + ¢) sin (0 — $)
cos® § — cos® ¢ = —sin (0 + ¢) sin (0 — ¢)

24 cos@-sm = cos(ovd)cos(0-9)

De Moivre’s formula

e = cos 0 4 isin 6

T —"
sinf=%4—"¢_
2i
0 —i60
i L
2
Multiple angles

sin 20 = 2 sin 6 cos 0
cos 20 = cos®  — sin? 0
=2co0s20—1

=1—2sin%0

sin 30 = 3 sin @ — 4sin3
cos 30 =4 cos® O — 3 cos 0

tonz2d= _2_22_2
" [ —ton"&

ban 38 =

SOLUTION OF TRIANGLES

A~ &8 __¢
T " sia sen Yy

c= 7% 5°-2/78 cos’
A8 _ tan (#7p)
A8 bon(t@-R)

£/¢
Given A, B, C

S=%4+B+0)
R = [SHS — A)(S — B)(S — )]

36an & —Ban’S
{ =3 éan"S

coste = "“__-—.' feet o c=a>2
2 = 2 sin o

@ :ezr’afv'pranoq/e
=/80~-

::o(.+x

area = RS
o R B R
tan —=—— an=-=—— tan==——
2 S—4 2 S—B 2 S—=cC
Given A, B, o
. B IfA> Bthen p <Z
sin f =—sin« 2
if A < B, ff has two values f;, B, = = — f3,
y=m—(+p8
§ = 2
sin o
area = $A4Bsin y
Given A, B, y
A—B
tan (o — f) = * cot ¥
3o —p) AL B 2V
ot f=m—y
LY
sin o
area = $AB sin y
Given A4, o,
5,”f9=: I-cos & B:As?nﬂ
2 sin o

25

% _+’/-cono' y=m—(a+p)

fo"za-‘ I vcos & area = }AB sin y
= I ~cose s &
S8 T pcos®



FORMULAS

Logarithms

Exponentials

Hyperbolic functions

Factorials

26

/0;6)(

L =
?ﬂ.x /(? 6 a

log ab =1loga + log b
loga™=nloga

logt—lj =loga —logb

log a*/" = l‘log a.
n

)C2 Xa )C‘1 N
In(1l =x—=4+=—=4 .- 1 <x<l
n{l4+x)=x 2+3 4+ ( % )
x—=1 1x—1" 1(x—1° b
g % +5 % +5 x3 LA
-1, I{x—1¥ 1{x—1Yy
o [x+1+3x+1 L e Ge=10)
1 v/ s ’
4 — g% at == %y — \/aa:
p N . XP
a® - 1 (CZ) =a
a* v == al/w:\w/a P ==
a¥ a®
2 3
a“=1+x1na+——~(ﬂ;a) +_(x13r1'a)+“. (—oo < x < )

X %P
€=1+X+Z+'3-!+"' (0o <x < ™)

(0o <x < )

0 0
sinh6=6+—+—+~~ (—o < < o)

4
cosh@—l-l— +e+ (—o0 < 6 < )
265 ( T 77)
=0—-——4+ = 5 ——<bi<=
tanh 0 = 0 + 2< 5
coth0=—+97@+ (—r<bO<m)
6 3 45
nl=1:2:3-4 - (n—1)-n

=—(n\" =—{n\" 1
27mn|— ! 2 (~)(1—’— )
\/Tm(e)<" <\/ ™ e "ion—1

In nl=nlnn—n

/;F x:a"‘/ éﬁ&n_ &/::Z?Ax

ALGEBRAIC FORMULAS

Binomial theorem
(a by = a" e matp 4 =D gy o gy
Muitinomial theorem

In the expansion of (x; + x, + x5 + - -

%y Mg, Mo Vo oo o N
where N; + N, + -+ = ZN, = N is
N! N!
NNyl N TIN!

i
Quadratic equations
ax*4+ bx+c=0

b+ /b* — 4ac
2a
Cubic equations
ax® +bx>+cx+d=0
b
substitute x = y — F to obtain
. h®
V+oay+-p=0 whereazaa;—zb
- a
= 2b® — 9abc + 27a%
27a°

Calculate the quantities

—sf B (B £
Aif/ 2+A/4+27

Then the solution is
y=4+ 3B, L
There will be three cases:

ﬂZ

3
O 7+ % > 0; one real and two imaginary roots

2 3
(ii) ﬂz + “— = 0; three real roots with at least two equal

(iii) Zz

E < 0; three real, unequal roots

(1 .s)ll

—L(A-FB):EZ—(A—B)

nvsbs+,__

—af _B_ 8,
B*\B/ 2 A/4+27

For case (iii) an alternative method of solution is obtained by defining

—B2
\/—m3/27

cos i =

Then the roots are

ZA/_—“cosQ, 2A/j—acos(
3 3 3

) o

[
3

+

4
3

), the coefficient of the general term

5
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DIFFERENTIALS
danc’v = </-U) c/u
deez'v== C_/-U') zﬂ'v
d bau'v = (/fa')'la/u
d kb = (o2 Bdo

‘dm.l v = = (w*=1) Bl
d L 2-Y'do

dloww) = do +de
dlau) =adu
duv) =vdu+ udy

d(f) = vlz(v du — u dv)

v
dw") =nu" du
d(In u) = % du
d(e¥) = e* du d(g“’ = ae®’do
dw®) =vu*tdu 4 u’lnudo

d(e®) = @” lnadlv

\
| dsinu = cos u du dcosu = —sinudu

‘ dtan u = sec® u du dcotu = —cosec®u du

‘ dsecu = sec u tan u du d cosec u = —cosec u cot u du

dsinh u = cosh u du dcosh u = sinh u du

dtanh u = sech? u du d coth u = —cosech? u du

. INDEFINITE INTEGRALS

1 _("JU: uu—fu:/d
j,‘«.udo: oM ~u

bou

ey of 28y frenm 2
f")J»%faJ Jo-ne
L e St 2

fe“ du = e* fgaudl) = jé eeu

mau
u™e m .
fu"’e‘”‘ du = —— — —fu"’ e du  (n>0)

s

£ 4,
EGY

‘ a a
|
r f gu =Lianr¥_ ——lcot‘IE
u*+a* a a a a
J‘*du - (—” — a) I = (u® > a?
u* —a® 2a u-+a a a
f—_ du = L In (a_+ “) =+ 4 tanh ™ ¥ u? < a?
a* —u 2a a—u a a
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INDEFINITE INTEGRALS (Continued)

S N sint ¥ = —cost Y
Vat — u? ca a
J‘L— ln(u—l—x/u + a
Vu' 4+ a
JL=sinh‘“—l f/u‘umuJu = -~_£ e
Vur + a® a
. = cosh¥ j“amoa’u = —MMU
Vit —a? a IU AIUJO“W"U~ Ve M
T sz a
fcos udu =sinu .
.wazm)&J: M:u w Lz
~t
sin u du = —cosu
J s cop n
fy"sm nodo = Qﬂ:&" = (u'-;?-. —:T-
fa
sec®u du = tan u 2
f f”cosnqu :-_i‘ﬁ_‘_’:_’i‘_’_‘,(a z).\‘mnu
fcosecz udu = —cotu
f.ﬁnacc.i‘d:/u: '2—.1::1 X

ftan udu = —Incosu

J-cot udu =Insinu
fcbs mo cos nodo

j.s‘mhw sot nodo =

sea (m-nlo _ san (mren)v
2 (wi=n) 2(mwa)

=Stn (-n)o 25 Gmoa)o

A
¢

e e e
f =,
Jsinh u du = coshu 2 n) 2(m H')
S Sinmo cos nody = - ces (m-n)v __CD‘("'”}‘-"
fcosh u du = sinh u 2(m-n) 20mwen)
au quf© I
ftanh u du = In cosh u jue du= a n.‘)

Su"‘e“Ju =d<w(___zu+ 2—)

coth u du = In sinh u o

f u3e‘ o = e® ‘2’.‘

fsin" udu=— : sin™ u cos u 4+ 2= 1fsin"‘2 udu
n n

1 o ; n—1
fcos" udu=—cos" usinu 4 cos" % u du
n

n
2 J
s odu =L
DEFINITE INTEGRALS §siatn e

/2 /2
sin” u du = cos” u du
0

0

1335 (n—l)rr
Ani[Gimmeeimipy

6 (~1)
3 & )

(n even)

3
2
e j e (n odd)

_3? 6o _ 6

Ay T

}f’sl’n.&u

*nodo =Y L 5in210
SCOS = 'f'n{n
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a=20
:7127 a<0
' =AX 2Ly meven
e dx= f szudl=7—7
o @) lmmJJ o u 2
®cosmudu mw _,,
i 5 . —1+u2 =Ee m >0
"e—'\xo/
L.=\X ¥ =T gm m <0
> 2
fwe"””dx*l a>0
~ IM— 0 a
L [ Tt T & f"("”) 7>
O | 2V .- e -au amﬁl
| ] U e v = a>o
| -1 f ue du=l & P
2A % 0 2 — m-fz‘nz"
-% . _ =
2 z"‘\)ﬂ (l\) J; ue " d =ﬁ
g © a :
3 2,\2 _5/ Le‘“cosmudLl=a2+m2 a>0
3 [ £ ©
2 7(’\) ff"”sinmudu: M 4>0
0 a“+ m
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DEFINITE INTEGRALS (Continued)

27
f sin u du —J- cosu du =0

sin® u du —f cos*udu=m

sinu cos u du =0

2

sm ku-sinmudu —f coskucosmudu=20 k+#m

f sin® mu du f cos®mu du ==
0

“sinmudu
- m >0
T
=0 m=20
= —— m<0
f cos u du
o
0 u

J‘“"tanuduiz
0 u 2

® adu T
5 =i a>0

o a®*4+u* 2

=0

Spherical Harmonics Y,%(8, ¢)

m, TZYL my
0 0 V14
0 V3[4 z
£ F V3[8r (x + iy)
2 0 V5[167 (322 — 12)
+1 F V15/8r z(x + iy)
+2 V15327 (x 4 iy)?
3 0 \/7/1611 z(52% — 3r?)
+1 F V21[64n (522 — r2)(x + iy)
+2 V'105/327 z(x + iy)?
43 F V35/64x (x + iy)®
4 0 3/8 V1/4m (3524 — 302%2 + 3%
+1 F 3[4 V5[4m 2(722 — 3r%) (x + iy)
+2 3/4 V5[8r (722 — %) (x + iy)?
43 F 3[4 V35/4m z(x + iy)?
+4 3/8 V35/8x (x + iy)t
Legendre Polynomials
my Pym™i(x) P, ™(cos 6)
0 1 1
0 x cos 0
1 (1 — x2)1/2 sin 6
0 3(3x2 — 1) (3 cos? 6 — 1)
1 3x(1 — x2)1/2 3 cos Osin 6
2 3(1 — x?) 3sin? 0
0 $x(5x2 — 3) % cos 0 (5 cos? § — 3)
1 (522 — 1)(1 — x2)1/2 $sin 6 (5cos26 — 1)
2 15x(1 — x2) 15 cos 6 sin2 6§
3 15(1 — x2)3/2 15 sin® 0
0 £(35x% — 30x2 + 3) 5(85 cost 6 — 30 cos? 6 + 3)
1 %x(7x2 —3)(1 — #2)1/2 § cos Osin 6 (7 cos® 0 — 3)
2 B2(7x2 — 1)(1 — x?) %P sin? 0 (7 cos2 0 — 1)
3 105x(1 — x2)3/2 105 cos 6 sin3 0
4 105(1 — x2)2 105 sin? 6
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