EXPONENTIALS & LOGARITHMS REVIEW MODULE
Introduction

Exponentials and logarithms could well have been included within the Algebra module, since
they are basically just part of the business of dealing with powers of numbers or powers of algebraic
quantities. But they have so much impm:anc:ind::irmﬁghtﬂmitismmmitmmg'v: them a
module of their own.

L THE LAWS OF EXPONENTS

The concept of exponent begins with the multiplication of a given quantity @ by itself an
arbitrary number of times:

a" = g0-00-90-630-3-0004 ...,
m times |

On the left we have the product expressed in exponential notation, which is very compact and
efficient. The expression above is in effect a definition of what we mean by an exponent.

If we multiply a by itself a total of (m + n) times, we can of course write it as the m-fold
product multiplied by the n-fold product:
@a4444-a4-a-4-a4-4-a-a-0aa-4-4aa-ad.., = {q_-a-ﬂ-ﬂ-ﬂ-ﬂ-ﬂ-ﬂ-ﬂ-ﬂ-ﬂ-ﬂu:]{gﬂﬂ-ﬂd-dﬂ-ﬂ-ﬂ..:}.

{m+n) l'.g:lﬂ m n;;'.s n n-.mc;r
This is far more easily expressed in exponential form, and gives us the first rule for dealing with
quantities expressed in this way: i
@)@ = a™+",

When two quantities, written as powers of a given number, are multiplied together,
we add the exponents.

Note that if we took the quantity 2™ and multiplied it by itself p times, this would be the same
as (i) raising the quantity 4™ to the pth power;
or (i) multplying a by itself mp times.
Therefore: (@™P = o™,

When a quantity, written as a power of a given number, is itself raised to a
certain power, the exponents multiply.

Be sure you keep clear in your mind the distinction between this farmula and the previous one;
the difference can be enormous if large powers are involved. Take, for instance, the following
quantites:

(10°)(10%) = (10)®+) = 10° — one billion.
But  (10%)° = (10%)(10*)}10%X10°)(10%)(10%) =10'® — a billion billion!

If we take g™ (the number a multiplied by itself m times), and divide it by &" (g multiplied by itself n
umes), the result is a muldplied by itself (m- n) imes. Thus we have the rule for



dividing one exponential by another:
g:—' = gim-n),

W:mm:&amﬂﬁsmm:h:mﬁprxalufanypuﬁﬁvspuwuafahmequﬂmgzﬁvcmm
- =am

Mm,ifww:putm=ninth:p:mrinus expression , @™/a" = g™, the lefi-hand side is equal 1o 1.
The right-hand side is a”. Thus we have the result:

Any number (other than zero itself) raised to the power zero is equal to 1.

Em&u (No calculators!)
Evaluate: (a) (2)(2%); () (10)(10%; (c) (10%)* [Compare with (B (@) 2°X(33); (e) (23)/(109),

Exercise 1.2. (No calculators!)
Solve forx: (a) x°=32; (b) 2*=1; () x4 = 2; (d) 107 = 0.000 000 000 1.

NOTE: The answers to the exercises are all collected together at the
end of this module. We have tried to eliminate errors, but if you find
anything that you think needs to be corrected, please write to us.

I mum&m_m

anackwﬂmtxprcssiunfmmisingaquanﬁw 10 a cettain power and then raising the
r:mﬂtamnumhermsum:nﬂmpm-:r:

@™y = a™,
Ifi‘.ht.prnductny::r=I,ﬂlﬂrighhhandﬂidtisjustal:a.

Suppose p is some specific integer, n. Then what the above equation says is that the
pmmcm's,ﬁisudmtmmpnwmisuquﬂmm Emﬂﬁsmmmm:pmnﬂﬂisiswhuwe
define as the ath root of g Mm.smnw-m-l,mmunhwﬂm=lfn. Thus:

A fractional power corresponds to takin g roots of numbers:



2) The notation extends to negative powers also:

——L = ,g;-[-l'li'l'l.'!_
(Ya)"

[Considering exponents as formed from products or ratios of integers is enough for practical
calculations, since these use only finite decimals, which are rational numbers. (For example,
1.032 = 1032/1000.) For non-rational values of exponents, limits are used. For example,
V2 = 1414.., 50 3V2 = Limitof 31,314, 3141 31414 ]

Exercise I1.
Simplify and evaluate: (a) (2%)%; (b) ( V0.0016); (c) (8/27)%3; (d) (4Y%)%'% () (100)52.

EXPONENTIALS & ROOTS: SUMMARY

gm+n) = gmgn al" = Va (m a positive integer)
a" = 1" @) = g™

a® =1 @ =a" = m=n (if azl)

II. EXPONENTIALS AS FUNCTIONS

Using limits, as above, we can take the exponent to be any number we please, not just a
rational number or fraction. In other words, we arrive at the concept that, in a quantity written as a%,
acanb:mychus:nnumbn-and:ca.nh:acmﬁnuuusvaﬁablnakingnnanypussibl:va]mﬁ-um
-S2 w +°° ., Thus g* becomes a continuous function of x.

y(x) = &,

This is an ﬂmnﬂ]iﬂuumj;m A fixed (given) number (a) is raised to an
arbitrary power (x). The quantity a is the base of the exponential function.

[Contrast this with the function x". Here a continuously variable number (x)
is raised to a definite (given) power, n.]

Em&yﬁ&mﬂmwhthmﬁﬂyhmﬁmﬂimmhnfummﬂﬂﬁmﬁm:
the growth of a savings account with a fixed compound interest rate. If, for example, the interest is
compounded annually at a rate of 5%, then the amount, A, in the account after n years, per dollar of
initial deposit, is given by:

Al(n) = (105



However, in this computer age, interest may vary daily. If we again assume a 5% annual
rate, the daily interest earned by ¥1 is 0.05/365, which is 0.00013698... The interest is added o
your initial dollar, yielding 1.00013698 — almost insignificantly different from 1. In that case, after,
say, 200 days, your initial dollar will be worth (1.00013698P% = $1.0277..., a gain of almost 2.8
cents. (ﬂm:kaﬂlhisnnyﬂurca]mluur.} If you deposit $600, the calculation above is done for
each dollar in the deposit, so you end up with a total sum of 600(1.00013698)2% = $616.66.

Exercise ITL1.

: You put $200 into a savings account. (a) If the interest rate is 8%, compounded annually,
bhow many years will it take for your account to reach $2507 (b) At the same annual rare, but
compounded daily, what would be the balance in your account 500 days after the initial deposit?

exponents. Besides being ordinary numbers, they can be expressions involving variables that can be
manipulated in the same way as numbers,

Examples:

2F 2% = 2= (10991~ = 10° = 1000.
Equations with the unknown in the exponent can be solved:

Example:

If 2% = 41% then 2% = 2%)% = 22% giving x = 2/xandso x = =2,

Watch the exponents! (This is an extension of what we said about integral exponents in
Section L) It is important not o get confused when you see a compound exponent. The notation
should make things clear. Consider the following two cases:

If you see (1072, you should read this as (107)(109) = 102
But if you see 107, you should read it as 10&2) = (107F.

If, for example, you put x = 5, the first expression is equal to 100, which is a big number; but
the second expression is equal to 1025, which is 15 orders of magnitude bigger.

Exercise 1.2,
Combine and simplify: (a) 7% 72 (b) (3 * $)(5 - 3; () 24 (d) 16%/2%.
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IV. GRAPHS OF THE EXPONENTIAL FUNCTIONS
In mathematics and science, although the base a of the exponential function could in principle
be any number, there are only three values of it that you will need to worry about for most purposes:
= & This is the basis of binary algebra, as used in computer science, etc.
a=10: This is the basis of most of our other scientific calculations.
a=g: The symbol ¢ stands for a very special irrational number whose first ten
digits are 2.718281828. It is central to the use of exponential functions in
calculus, but we will not consider it further here. (However, if you have
already studied some calculus, you will very likely have met it.)

The graphs below show the general appearance of the exponential functions 2%, 107 and their
reciprocals (12§ (= 2) and (1/10)* (= 10~). All exponential functions are equal to 1 atx=10. To
describe an exponential that has some specific value other than 1 at x = 0, we simply put this value -
call it (0) — in front as a multplying or scaling factor.

= xZ

lo i H10

If v(x;) = a®,and ¥(x2) = a=, then Yx2) alxz=x),

yix;)
Exponentials show up in all sons of contexts. Here are a few examples:
Positive E ia]
Compound interest, as already discussed:

A(r) = A(0X1 + c¥, where ¢ is the compound interest
rate per unit of tme, and 7 is the time measured in those same units. (e.g., if the rate is
3% compounded annually, then ¢ = 0.05 and ¢ = time in years.)
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Growth of s Wiclogical somulation:

A colony of bacteria, for example, grows by successive division, and may double in a few
hours. One can put:
N(n) = N(0X2)", where n is the number of doubling times (1)

since the population was equal to N(0) - ie., n = #/T.

Negative E al
Radicactive decay:

Ihh,ﬁktbiulng‘cﬂm.mt:dmﬁbndinmnfhﬁm:mmaﬁm

Zufchnnge—butinﬂﬁsmafamzm.ﬁisﬁmhm:hﬂﬂnfEIm.m

one has:

Exercise TV.1.

(2) A colony of bacteria in a test tube doubles every hour. If there are 2500 bacteria in the tube when
the experimenter leaves for lunch at 12:00 noon, how many are there when she comes back at
1:30 PM? How many are there at 5:00 PM?

(b) Find the half-life of a radioactive substance that has been left in a container for 6 days and
decayed by a factor of 87

N@) = H{ﬂ}(é—)""“ = N(0)(2)ma,

V. LOGARITHMS

Definition: If & is a fixed positive number (other than 11), and if two other positive numbers
xand y are related by:
y = b,

we say that 1 s the Jogarithm of ¥ 1o base b, and we write this relation in the form:

x = log,y.

This means that, for any (positive) number, N, and for any hu:, b, the following relation
always holds:

Below are some exercises based on the above definidon:
Exercise V.1.
Find: (a) log,,1000; (b) log,32; (c) log,(1/16); (d) log,1; (e) log,27; (f) log,&4).



That last set of exercises illustrates the following points:

1) Logarithms of numbers > 1 are positive;

2) Logarithms of positive numbers < | are negative;

3) The logarithm of 1 is zero in any base;

4) You can't have a logarithm of a negative number (until you get to complex numbers).
This last result follows from the definition of a logarithm. If y = b*, with b a positive

number, then y is positive; its smallest possible value is 0, when x = -0 . In other words,

log, 0 = -o0, regardless of the value of the base b.

[Logarithms to Base ¢: Although we are not using the number e as a base of logarithms here,
we should draw artention to the fact that the symbol for such logarithms is written as "In" (for
"natural logarithm"™) without any explicit identification of the base:

Inx = logx.
It is universally understood that any logarithm written this way is to base e. You will be meeting this
constantly.]

The lefi-hand graph below is a reminder of the exponential dependence of ¥ on x (= log ¥); the

&

right-hand graph shows skeiches of log,y as a function of y for b=2 and b = 10.

3y y= b lo&y

V1. USING LOGARITHMS
Since the log of a number is an exponent of some exponential, all we need to do to understand

the properties of logarithms is to refer back to the properties of exponentials as summarized in
Sections I and IT of this review. These essential properties, which make logs so useful, are:
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1) When two numbers in exponental form are multiplied together, the exponents add:
2) When one such number is divided by another, we subtract the exponents;

3) Since raising a pumber to a given power, p, means multiplying the number by itself p times, is
exponent is multiplied by p.

Translated into the language of logs, these results become:

1") To multiply rwo numbers together, we add their logs:
; logy(myny) = logyny + logyn,.
2') To divide one number by another by another, we subtract their logs:

logs(hL) = logem = logsm.
3') To raise a number to any power, we multiply its log by that power:
logy(n?) = plogyn.

Df:mltu.whn:w:mudﬂmmmﬁmmymhcﬂcﬂaﬁmisnmjuﬂdmbgﬂfﬂw
product, quotient or power, but the final numbers themselves. Therefore we have to go through the
]:n‘uccssnfta.isingmebmbmﬂmpuwmmpmﬂmﬁdbym:]ngﬂﬁﬂlm-i.c“hyﬂmlcﬁ-handﬂdﬁ
of the above equations. Remember:

N = ploss¥,

Tﬁshﬂmmmnfﬁndhgm:mmﬂndmﬂmmmnfﬂmuqmﬁﬁm Once upon a
n'mc,ﬂ:lishadmbtdm:hymfmingmush]mufsu:hmﬁlngs—jmuih:lngmhhemsiml
numbers had to be read off from tables of logarithms. Nowadays, all we have to do is to push the
appnpﬁambnnmsmnmpmm:ﬂcmﬂm{uﬁng&mMSEmﬁmmgm antilogs — ie.,
the final answers). But it's imporant to understand in principle what is involved. Below are some
exercises 1o use these principles.

Exercise VL1,
Given ]ngmi = ﬂ.iﬂl, and ]'Bgl{ﬁ = l'l#T.-'. find {ﬂ} ]'I:IEIDI 44; l:b_] lngm(ﬂﬂ'T}; {E} lﬂgm{IW].

Exercise V1.2,

Use your calculator to evaluate the anglogs (base 10) of the following logarithms:
(2) 5 (b) 3.30103; (c)=0.69897 (d) the sum of (b) and (c); (e) the difference of (b) and (c).
(This means evaluating 10% where x is the given logarithm )



9.
ANSWERS TQ EXERCISES
Exercise LI (a) 27; (b) 10%; (c) 10%; (d) 32/27: (e) (1/8) - (1/100) = 1/800
Exercise L2,  (a) x=2; ®)x=0; ©)x=2"; (d)x=-10
Exercise I1.1 (a) 2% = 16; (b) 25° = 15,625; (c) 4/9; (d) 42 = §; (e) 10° = 100,000

Exercise .1 (a) n =log, pg 1.25 = 3; or by wial-and-error: I 1.25 = (1.08)",

oy a=2: (1082 =1.17<1.25, n=3: (1.08Y =125 son=73 v
(b) $223.16 :

Exercise L2 (a) 7°%; (b) 15™1; (c) 2%; (@) 24-b

Exercise IV.1  (a) 7,071; 80,000; (b)2days

Exercise V.1 (a) 3; (b)5; (c)=4; (d) 0; (e) 3; (f) doesn't exist, by log definition
Exercise VI.1  (a) 2.158; (b)-0.528; (c) 3.01

Exercise VL2  (2) 10,000; (b) 2,000; (c) 0.2; (d) 400; (e) 10,000

This module is based largely on an earlier module prepared by the
MIT Mathematics Department.



